1. Introduction. In a recent paper (3), Grunbaum has found a general and unifying setting for a number of properties of some special lines associated with a planar convex body. Besides various interesting results, two conjectures are stated and two kinds of convexity and polygonal connectedness are introduced.
An arc in D consisting of n arcs of curves in 2 is called an n-curve. By a polygon we mean a connected open set in D bounded by finitely many arcs on C or on curves in 2, its intersections with these curves being empty. An ra-gon is a polygon bounded by m arcs of curves in 2 or of C, but not also by some m -\ arcs. For example, the bounded component of the complement of three non-concurrent curves in 2 is called a triangle (3-gon) .
In the following we shall also use the following notation:
(1) -p for the other endpoint of L(p) ; (2) xy for the arc of a curve in 2, joining x and y, or, if x, y G C, for one of the arcs of C with endpoints x and y; (3) (ao, . . . , a n ) for the n-curve consisting of arcs a^ai, . . . , a n -\a n of curves in 2 ; 
A conjecture of Griinbaum. The following theorem improves a result and proves a conjecture in (3). It involves the notion of an L 2 (2)-set:
P is an L 2 (8)-set provided that for each pair x, y G P there is a 2-curve connecting x and 3/, and included in P (see also § 9). THEOREM 
Let 2 be a continuous family of curves. Then lf 3 (£) is an L 2 (2)-set.
Proof. Let us consider the point x G M% (2) and the curves L(pi), L(p 2 ), and L(p%) which pass through x. We may suppose, without loss of generality, that
(1) the order of the endpoints of L(pi), L(p 2 ), L{p$) on C is the following: pi, P2, pz, -pu -p2, -pz, and (2) another arbitrary point y G M^ (2) lies in the triangle [pi, x, p 2 ] (see the notation (4) in § 2) or on its sides pix or p 2 
x.
Let L(qi), L(q 2 ), and L(g 3 ) be three (other) curves in 2 containing y G Ms (2) . Now one has to distinguish between three essentially different cases.
The order of endpoints of the six curves considered in 2 on the arc -pipi of C containing p 2 is the following:
(a) pi, qiy p 2 , q 2l pz, g 3 . Using the Jordan curve theorem, L(gi) must intersect either p\X or p 2 x at a point z situated between x and either L(pi) Pi L(q 2 
) or L{p 2 ) r\L(qz). The arcs yz (if not degenerate) of L(q x ) and zx (if not degenerate) of L(pi) or L(p 2 ) are included in {x, y] added to the triangle whose boundary consists of arcs of L(q 2 ), L(p%), L{q%). Hence, the union T of all triangles with arcs of curves in 2 as sides contains (xz ^J zy) -[x, y).
(b) Pi, qi, <?2, £3, P2, pz. At least one of the arcs p z x and -pzx of L{p z ) contains at least two points of L(qi) \J L(q 2 ) \J L(g 3 ). We may suppose, without loss of generality, that
e z). It follows that xz\J zy C T \J {x,y}.
(c) pu Q.u Ç2, p2, #3, pz-In thiscase,let {z} = L(q 2 ) H (pixVJ p 2 x). Equalities x = z or 3; = z are possible. The arcs yz of L(g 2 ) and zx of L(pi) or L(/> 2 ) are contained (except for x and y) in the triangle formed by L(g x ), L(p 3 ), L(g 3 ). Therefore, xz \J zy C 7" U {x, y}. Now, by (3, Lemma 2), L C M 3 (8); it follows that in every case xs U s;y is a 2-curve completely included in ikf 3 (8). Hence, ilL 3 (2) for even and odd n. Let ? be a continuous family of curves. 
Topological properties of M n
and if { U t : U t C L 0 } and { U t : U t C L 0 '} have cardinality at most \n -2, then card{ U t } ^ n -4, which is absurd. Let £7^-be these polygons with non-void intersection (J = 1, . . . , \n -1). Their union is evidently either included in L 0 or in TV, and x is a boundary point of \n-\ v= n £/".
Through each point of T t U L/ pass two curves of 8, one with an endpoint in the arc p t q t and the other with an endpoint in the arc q t p i+1 . It follows that each point of U t (i = 2, . . . , n -2) belongs to four curves of 8 with endpoints on the arcs poqo, qopi, PtÇtu ÇiPi+i-Finally, each point of V lies on poqo, qopu PiiÇn, ÇnPn+i, In this section we shall answer the following natural question: Which is the smallest number n such that the existence of an n-gon implies int M$(2) ^ 0? We are now concerned only with polygons having arcs of curves in 8 as sides. Proof. The proof will be given by means of an example. Let pu p2, pz, pi, pb, pe be the vertices of a customary convex hexagon (with segments as sides) in the plane, with the property that it is included in the triangle with vertices P1P2 H p4p 5} p 2 ps H pspe, p z p± C\ pepi (see notation (5) in §2). Now, construct the circle C containing the preceding triangle in its interior, denote by L tj and X*/ (say i < j) those components of C -U*=i Pkpk+i which have all their endpoints on pipi+i and pjpj+i {pi = pi), and associate with every pointy Ç L i:i the chordL(p) of Cpassing through^? andp tj = pip i+ i r\pjp j+ i. I am indebted to the referee for suggesting this more elegant proof.
Next we shall associate 5 ''crosses" to each component of D -U^=i L(p t ), where L(pi), . . . , L{p n ) G 8, having incidence order s, i.e. included in M s (2 f ), where 8 r is any continuous family admitting L(pi), . . . , L(p n ) as elements and s is the largest possible. It appears to be more useful to find "global" estimations of the sum of all such associated crosses than of the particular incidence orders of isolated components, in order to establish the existence of components of higher incidence order. 
If not, the number of these components is greater than n. Each point in Bi VJ B 2 belongs to a curve of 2 with an endpoint in the arc pip 2 of C. We may associate with every component of (B x U B 2 ) -Ul=i ^(^z) one cross and add in the same fashion other crosses, when the other n -1 arcs p 2 p%, . . . , p n -ip n , -pip n on C are considered. Thus, the total number of crosses is at least n 2 and one obviously loses three crosses when a triangle degenerates. LEMMA 
If there exists a 2m-gon, then the total number of crosses is at least
Proof. Let P be a 2w-gon in Z), with sides on Li, . . . , L 2w 6 8. Consider again the pair of opposite components Bi, B 2 of D -(Li \J L 2 ), such that the boundary of Bi contains the arc pip 2 
There are no triples of concurrent curves in {Li, . . . , L 2m }. Therefore,
Since P has sides on curves in 8, there exists a triangle containing it, and therefore, there are at least three domains like B\ or B 2 that include P. Suppose that P (Z Bi] let K be the boundary of P and i£i, i£ 2 the components of K -(Li VJ L 2 ), where i£ 2 may be void. Let Repeating these arguments for the other two domains containing P and using Lemma 3, it follows that we have at least
crosses. Proof. Let Li, . . . , L 7 be the curves in 8 that form the heptagon. Let Du . . . , Du be the components of D -U*=i£* which have arcs of C on their boundaries. It is easily seen that one cross is associated with each of these fourteen domains. Following Lemma 2, D -UM^ has at most 29 components (in fact, exactly 29 components, since no triple of concurrent curves in {L u . . . , L 7 } exists). Following Lemma 5, the total number of crosses is at least 61. Since Z>i, . . . , Du have only fourteen crosses, it follows that the other fifteen components of D -U*=i£* have at least 47 crosses, and therefore there exists at least one component, say Z>i 5 , with at least four crosses. Hence,
Hence, following Lemma 1 and Theorem 3, the least number n such that the existence of an ^-gon implies int M5(2) 9 e 0 is n = 7.
More information about ikf 3 (8) -M 4 (S)
. Our next aim is to obtain some information about the structure of ikf 3 The proofs of Lemmas 7 and 8 being similar to that of Lemma 6 will be omitted.
Combining Lemmas 6, 7, and 8, we obtain the following theorem. Remark. I believe that Theorem 4 provides a good evaluation for/(w), but I have not proved that it is the best. To prove or disprove this in the odd case, it may be useful to note that there are a 5-gon and a 7-gon with sides on Li, . . . , L 5 G 2, and L/, . . . , L 7 ' G 8', respectively, such that the number of disjoint polygons with sides on Ui=iL t (Ui=i^/), not included in
is 6 (13), while/(5) = 7 and/(7) = 15.
7. Six-partite problems. As stated by Ceder (2), the so-called sixpartite problems are involved in his work in a generalized manner, many earlier results being, in fact, corollaries of Ceder's theorems. We shall give here further generalizations in the same direction, replacing the families of lines admitting continuous selections by continuous families of curves. "Continuous selections" for families of curves could easily be introduced, but no essentially new facts would be obtained.
Let C be a simple closed curve and 8 a continuous family of curves. All six-partite problems (including the results of this section) have as origin the following very simple theorem. ( Now, we formulate applications of Theorem 6, which are generalizations of (2, Theorems 1 and 2) and (partially) of (2, Theorem 3). (1) and (2) of the preceding theorem are verified. We prove next that g(L } L(p)) is strictly monotone on A L -L (using the notation of Theorem 6).
if .4 £ is aw arc 0/ C having the same endpoints as L, then (gL, L(p)) is a strictly monotone function of p on A L -L. Then there exists three concurrent curves L ly L 2 , L%
£ 8 such that g(L 1} L 2 ) = a and g(L ly L 3 ) = b.
Proof. The function g(L, L{p)) of p being continuous and one-to-one is a homeomorphism between A L -L and (0, c). It follows that
Let p, -p be the first and the last point of A L when C is described counterclockwise and let x < y if x, y £ A L and y can be obtained from x varying counter-clockwise on A L . Also, consider pi, p 2 G A Ly p\ < p 2 , and put Proof. This is another application of Theorem 6. For, we can consider the continuous function
where g(L iy L 2 ) is the sum of lengths of two components C\ and
Obviously, all conditions of Theorem 6 are verified, and hence there are
The easy consequence of Theorem 9 below leads immediately to Ceder's result (2, Theorem 2). At the end of Ceder's paper (2), one finds the following unsolved six-partite problem: Given six numbers whose sum is the arc length of a convex curve, are there always three concurrent lines dividing the curve into six parts having lengths equal to the given six numbers?
This question posed for a circle receives a negative answer immediately. Consequently, by continuity, even for a larger class of convex curves, the answer remains negative.
Generalized continuous families of curves.
As noticed in § 2, the notion of a continuous family of curves can be generalized by admitting connected intersections of couples of curves in ? instead of only single point intersections. Although a suitable further generalization could be obtained including in 2 not only Jordan arcs but also arbitrary simply connected arcs, we shall limit ourselves here to treat generalized families of curves as defined in § 2.
Our aim in this section is to prove by an example how results on continuous families of curves can be extended to the generalized families.
Most of the results of (3) remain valid if continuous families of curves (in Grunbaum's sense) are replaced by generalized continuous families of curves. For instance, although the proof of (3, Theorem 1) uses axiom (iv), we shall now show that this theorem is still valid if (iv') holds instead of (iv). Notice that, however, our proof is, in general, similar to that of Grunbaum. 
If p is a point on the component -
However, the inequalities
respectively. The proof is now complete; it is valid for both cases:
gi < q 2 and q\ > q 2 .
0)2 W2
9. Some types of connectedness in D. In this section, 2 will be a generalized continuous family of curves in D. We shall be concerned with the notion of polygonal S-connectedness introduced by Grunbaum (3) . This is an appropriate modification of a generalization of convex sets due to Horn and Valentine (4) . A set P C D is said to be polygonally ^-connected if for each couple x, y G P, there is an m-curve, with arbitrary m (see the definitions in § 2) in P, connecting x and y. P is an L n (8)-set provided that for each pair x, y G P, there is an n-curve in P connecting x and y (note that every m-curve with m < n, is also an w-curve). P is called S-convex if and only if L Pi P is connected (or void) for each curve L G S. Now, let us add the following definitions: The subset P of D is finitely 8-convexly connected provided that for every curve L G S, L Pi P has a finite number of components (or is void); P is said to be nth order ?-convexly connected if L r\ P has at most n components for each L Ç S. First-order S-convexly connectedness means precisely S-convexity.
We shall denote by $ X (P) the set of all points in P that can be joined to the point x G P by an m-curve (m depending on x) lying entirely in P, and by ® x n (P) the set of all points in P that can be joined to x by an ^-curve included in P. Furthermore, let us define the ^-kernel of a set P in D as the subset of P of all points that can be joined to every point x of P by an m-curve im depending on x). The nth order 2-kernel of P C D is the subset of P of all points that can be joined to every x G P by an n-curve.
It is interesting to compare our results below with the following lemma of A. M. Bruckner and J. B. Bruckner (1), in which K x n (P) and Z^-sets are defined in a similar way, replacing only * 'n-curve' ' by "n-sided polygonal line"
(D-
If P is a compact simply connected set in the plane and x G P, then K x n (P) is a compact, simply connected L 2m -set.
Before giving other results, we note that $/(P) and $*(P) are, respectively, an Lan (8)-set and polygonally 8-connected.
The proof of the following lemma is straightforward.
LEMMA 9. If P C L> is closed, then ® x n (P) is compact.
CONJECTURE. If P C D is compact and simply connected, then $l x n (P) is simply connected.
The following theorem results immediately from Lemma 9, since the nth order g-kernel of P is fW ®z n (P). Proof. Suppose that there exists a curve L G ? such that L Pi ® X (P) has at least n + 1 components. Then there are the consecutive points ai, b h a 2 , b 2 , . . . , a n , b n , a n+1 6 L such that all ai £ $ X (P) and all bj € ® X (P). Since a t Ç P and P is wth order S-convexly connected, there is an arc a^i+i of L included in P. Now, the union of afii with the ra-curve joining a x and x is an (m + 1)-curve with endpoints bi and #. Hence, 6 Z £ ^zCP) and the contradiction shows that ® X (P) is wth order 8-convexly connected.
Let us note, without proof, the following simple remarks.
Remarks. (1) Let P±, . . . , P n be S-convexly connected sets of finite order (not only finitely 8-convexly connected), the orders being not necessarily equal. Then there exists a natural number m such that fYLi-P* is rath order 8-convexly connected.
(2) If {P n }n = i is a sequence of second-order £-convexly connected sets, then nr=i P n is not necessarily finitely £-convexly connected.
LEMMA 11. If P C D is simply connected, and finitely %-convexly connected, then Ë X (P) is simply connected. ® X (P) is not necessarily compact, even if P is compact.
Proof. Suppose that there exists a bounded component A of the complement of $t x (P) in the plane. Since $t x (P) C P and P is simply connected, A <Z P. Take a £ A. Since
there exists a curve L £ 8 passing through a. Let JBI, . . . , B n be the components of L -P, and b t £ B t . There is a point y % £ $*(-P) between a and b t on L, since otherwise, owing to the connectedness and maximality of A, ab t r^^x(P) = 0 would imply that ab t C A, and ^4 would include the (unbounded) complement of P. Choose bj from {b\, . . . , b n ) such that there is no b t between a and bj on L. In this case, obviously abj P\ P is connected; whence ayj C P. Now, since y t G $£ X (P), we also have a £ fc(P), contradicting a £ A. Hence, ® X (P) is simply connected. It is easy to find an example proving the existence of a compact set P such that ® X (P) is not compact for a suitable point x G P, even in the case of a continuous family of curves in Grunbaum's sense.
The following theorem results from Lemma 10 for n = 1, since any intersection of 8-convex sets in D is 8-convex, and the 8-kernel of P C D equals rwfc(P). THEOREM 
The ^-kernel of an ^-convex set in D is 2-convex.
Theorem 14 below is a consequence of Lemma 11, of Theorem 13, and of the obvious fact that each 8-convex set is finitely 8-convexly connected. Remark that in Theorems 13, 14, and 15, the 2-kernel may well be void.
Final remarks.
The study of these families of curves is of obvious interest in connection with planar convex bodies and families of lines associated with them. A generalization of continuous families of curves applying to higher dimensional convex bodies would be most desirable, but this seems to be rather difficult, even for the three-dimensional case. On the other hand, it seems possible to give further topological generalizations of concepts first appearing in plane convexity.
During the publication of the present paper the following result (5) was added to (3, Theorem 1) :
If the intersection of all curves in the continuous family 8 is void, then on all curves of 8, with at most three exceptions, each of their dense subsets intersects M 8 (8).
Further, some kinds of closed curves can be associated with a continuous family, generalizing analogous curves already introduced for convex bodies in the plane.
